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We theoretically establish mutual relations among magnetic momentum, heat, and fluctuations
of propagating magnons in a ferromagnetic insulating junction in terms of noise and the bosonic
Wiedemann-Franz (WF) law. Using the Schwinger-Keldysh formalism, we calculate all transport
coefficients of a noise spectrum for both magnonic spin and heat currents, and establish Onsager
relations between the thermomagnetic currents and the zero-frequency noise. Making use of the
magnonic WF law and the Seebeck coefficient in the low-temperature limit, we theoretically dis-
cover universal relations, i.e. being independent of material parameters, for both the nonequilibrium
and equilibrium noise, and show that each noise is described solely in terms of thermal conductance.
Finally, we introduce a magnonic spin-analog of the Fano factor, noise-to-current ratio, and demon-
strate that the magnonic spin-Fano factor reduces to a universal value in the low-temperature limit
and it remains valid even beyond a linear response regime.
Introduction.−Nonequilibrium noise under a high volt-
age bias, shot noise [1, 2], arises from a nonequilibrium
fluctuation of the electric current in mesoscopic systems,
and provides abundant information about electron trans-
port [3–9]. Being the result of charge quantization, the
shot noise allows to characterize the transport properties
of individual electrons (e.g., the Fano factor), and serves
as a sensitive tool to probe an effective charge [10–15].
Despite the fact that most studies focus on electric con-
ductors or semiconductors (e.g., quantum dot), these fun-
damental concepts also extend to spin degrees of freedom,
namely, the noise of spin currents [16–20]. Making use
of the inverse spin Hall effect (ISHE) [21–23] to convert
spin currents into electric currents in a bilayer system
formed by a normal metal and a ferromagnetic insulator
(FI), Ref. [16] reported measurements of a spin current
noise as the ISHE-induced voltage noise. However, the
Onsager relations, being one of the key ingredients in
the fluctuation-dissipation theorem [24–27], between the
spin current and the noise have not yet been explored;
while the last decade has seen remarkable development
of spin caloritronics [28] (e.g., the observation of spin
Seebeck [29] and Peltier [30] effects) and the understand-
ing of the conversion mechanism between spin and heat
transport has been well-developed, the mutual relations
among spin, heat, and fluctuations remain an open issue.
In this paper, we provide a solution to this fundamen-
tal challenge in terms of the Wiedemann-Franz (WF) law
[31] for magnon transport [32–35], which characterizes
the universal thermomagnetic properties of the magnonic
spin and heat currents; establishing the Onsager relations
between the magnonic currents [36, 37] and the noise, we
develop the law further into the one for a noise spec-
trum, namely, the WF law for the magnonic noise. We
thus theoretically explore universal relations for both the
nonequilibrium and equilibrium noise, and demonstrate
that a magnonic spin-analog of the Fano factor reduces to
a universal value even beyond a linear response regime.
FIG. 1: Schematic illustration of the ferromagnetic insulating
junction. The boundary spins in the left (L) and right (R)
FIs are relevant to the transport of magnons (i.e., quanta of
spin-waves) with fluctuations across the junction interface,
and they are weakly exchange-coupled with the strength Jex.
For this purpose, FIs are the best platform [38, 39]
since, in complete absence of any conducting elements,
they host magnons which are chargeless bosonic quasi-
particles with a magnetic dipole moment gµBez that
serve as information carriers in Bohr magneton units µB.
Thereby we can extract the intrinsic properties of charge-
less spin and heat transport with fluctuations.
System.− We consider a magnetic junction formed by
two FIs aligned along the x-direction, see Fig. 1. As-
suming cubic lattices, the left FI is identical to the right
one and each of the three-dimensional FIs can be de-
scribed by a Heisenberg spin Hamiltonian in the pres-
ence of a Zeeman term. Applying a strong magnetic
field BL(R) to the left (right) FI, we assume ferromag-
2netic order along the external magnetic field, defining
the z-direction, and that the resulting Zeeman energy
gµBBL(R) is the leading contribution to the Zeeman term.
The temperature of the left (right) FI is TL(R). A fi-
nite overlap of the wave functions of the boundary spins
SΓL and SΓR in the left and right FI, respectively, re-
sults in an exchange interaction, weakly coupling the
two FIs, which may be described by the Hamiltonian
Hex = −Jex
∑
〈ΓLΓR〉
SΓL · SΓR , where we assume that
the exchange interaction Jex > 0 between the two FIs is
weak compared with the one between the nearest neigh-
bor spins in each FI. Considering large spins of length
S ≫ 1 and thereby performing a Holstein-Primakoff ex-
pansion [40] to leading order, the Hamiltonian reduces
to Hex = −JexS
∑
k⊥
∑
kx,k′x
aL,ka
†
R,k′ + H.c., where
the bosonic operator a†L/R (aL/R) creates (annihilates) a
boundary magnon at the left/right FI with the momen-
tum k = (kx, ky, kz) and k
′ = (k′x, ky, kz), respectively,
and where k⊥ = (0, ky, kz). Throughout this paper,
we focus on sufficiently low temperatures where effects
of magnon-magnon and magnon-phonon interactions be-
come negligibly small [41, 42].
Magnonic noise.− The tunneling Hamiltonian Hex
gives the time-evolution of both the magnon number op-
erator and the energy operator for each FI, and gen-
erates those magnonic currents across the junction in-
terface. The Heisenberg equation of motion provides
the magnonic spin and heat current operators Iˆm(t)
and IˆQ(t), respectively, which flow across the junc-
tion interface from the right FI to the left one [43];
Iˆm(t) = −igµB(JexS/~)
∑
k,k′
x
aL,k(t)a
†
R,k′(t) + H.c.,
IˆQ(t) = JexS
∑
k,k′
x
[∂Lt aL,k(t)]a
†
R,k′(t) + H.c., where ∂
L
t
denotes the time-derivative which works on the magnon
operators solely for the left FI.
Introducing spin and heat current-current correla-
tion functions as the statistical average Sm(t, t
′) ≡
〈{Iˆm(t), Iˆm(t
′)}〉/2 = 〈{Iˆm(t)−〈Iˆm〉, Iˆm(t
′)−〈Iˆm〉}〉/2+
O(J4ex) and SQ(t, t
′) ≡ 〈{IˆQ(t), IˆQ(t
′)}〉/2 = 〈{IˆQ(t) −
〈IˆQ〉, IˆQ(t
′)−〈IˆQ〉}〉/2+O(J
4
ex), respectively, we assume
the steady state in terms of time [43, 44] Sm(Q)(t, t
′) =
Sm(Q)(δt) and δt ≡ t− t
′. Defining a noise spectrum for
each magnonic current Sm(Q)(Ω) ≡
∫
d(δt)eiΩδtSm(Q)(δt)
and taking the dc-limit Sm(Q)(Ω = 0) ≡ Sm(Q), the
magnonic spin and heat noise Sm and SQ, respectively,
are introduced.
A straightforward perturbative calculation based on
the Schwinger-Keldysh formalism [44–49] gives the statis-
tical average of those magnonic currents 〈Iˆm(Q)〉 ≡ Im(Q)
and the zero-frequency noise Sm(Q) up to O(J
2
ex) [50];
Im = 4(JexS)
2
∑
k,k′
x
∫
dω
2pi
ImGrL,k,ωImG
r
R,k′,ω
× gµB ·∆n(ω), (1a)
Sm = 4(JexS)
2
∑
k,k′
x
∫
dω
2pi
ImGrL,k,ωImG
r
R,k′,ω
× (gµB)
2[2F0(ω) + coth(β~ω/2) ·∆n(ω)], (1b)
IQ = 4(JexS)
2
∑
k,k′
x
∫
dω
2pi
ImGrL,k,ωImG
r
R,k′,ω
× ~ω ·∆n(ω), (1c)
SQ = 4(JexS)
2
∑
k,k′
x
∫
dω
2pi
ImGrL,k,ωImG
r
R,k′,ω
× (~ω)2[2F0(ω) + coth(β~ω/2) ·∆n(ω)], (1d)
where β ≡ (kBT )
−1, the retarded Green’s function Gr,
Fl(ω) ≡ (~ω)
leβ~ω/(eβ~ω − 1)2 for l ∈ Z, and the dif-
ference of the Bose-distribution functions between the
left FI and the right one ∆n(ω) ≡ nR(ω) − nL(ω) for
n(ω) = (eβ~ω − 1)−1.
Onsager coefficients.− Assuming the Zeeman term
gµBBL(R) in the presence of an applied strong mag-
netic field BL(R), we expand Eqs. (1a)-(1d) in powers
of ∆B ≡ BR − BL [51–53] and ∆T ≡ TR − TL for
| ∆B |≪ BL ≡ B and | ∆T |≪ TL ≡ T . Within the
linear response regime, those magnonic currents and the
noise are characterized by the Onsager coefficients, Lij ,
Sij (i, j = 1, 2), S
0
m, and S
0
Q as a function of B and T ;


Im
Sm
IQ
SQ

 =


0 L11 L12
S0m S11 S12
0 L21 L22
S0Q S21 S22



 1−∆B
∆T

 , (2)
where (see supplemental material for S11 and S21)
L11 = β(gµB)
2
∫
dω
2pi
GF0, L22 =
β
T
∫
dω
2pi
GF2,(3a)
L12 =
L21
T
=
βgµB
T
∫
dω
2pi
GF1, (3b)
S12 =
β(gµB)
2
T
∫
dω
2pi
GF1coth(β~ω/2), (3c)
S22 =
β
T
∫
dω
2pi
GF3coth(β~ω/2), (3d)
S0m = 2(gµB)
2
∫
dω
2pi
GF0, S
0
Q = 2
∫
dω
2pi
GF2, (3e)
and G = G(B) ≡
4(JexS)
2
∑
k,k′
x
ImGrL,k,ωImG
r
R,k′,ω |BR=B. Note that
throughout this paper we focus on low temperatures
in the presence of the applied strong magnetic field
0 6= kBT ≪ gµBB where effects of magnon-magnon (-
phonon) interactions and the resulting effective magnetic
3field become negligibly small [41, 42], and thereby we
assume phenomenologically a temperature-independent
lifetime of magnons in Gr (i.e., ∂G/∂T = 0) [68] mainly
due to nonmagnetic impurity scatterings. From Eq.
(3b) the coefficients Lij for the currents are seen to
satisfy the Onsager relations L21 = TL12. We remark
that in contrast to the current, the noise consists of
two parts [Eq. (2)]; the equilibrium term S0m(Q) and
the nonequilibrium component Sij . Since the noise is
the second moment of the current operator, it does not
vanish even when no current flows 〈Iˆm(Q)〉 = 0, i.e.
∆B = ∆T = 0. This property intrinsic to the noise is
described by the equilibrium term S0m(Q), namely, the
thermal noise (or the Johnson-Nyquist noise) [54, 55],
which arises from the F0-term in Eqs. (1b) and (1d).
Thermomagnetic relations.− From Eqs. (3a)-(3e) we
obtain thermomagnetic relations between the magnonic
currents and the noise. The ratios of the thermal noise
to the Onsager coefficients Lij for the magnonic spin and
heat currents, S0m/L11 and S
0
Q/L22, satisfy the Onsager
relations;
S0m
L11
=
1
T
S0Q
L22
= 2kBT. (4)
The ratios exhibit a universal behavior, i.e. they are
completely independent of any material parameters (e.g.
g-factor, spin length, and exchange interaction, etc.)
and are solely determined by temperature. In the low-
temperature limit 0 6= kBT ≪ gµBB, due to the Zeeman
energy gµBB the ratio of the coefficient for the thermally-
induced nonequilibrium spin noise S12 to that for the spin
current L12 reduces to
S12
L12
= gµB
∫
dω
2piGF1coth(β~ω/2)∫
dω
2pi GF1
→
= gµB, (5)
and becomes independent of any material parameters ex-
cept the g-factor being material specific. Thus, the On-
sager coefficients Lij for the magnonic currents are de-
scribed by the noise language;
L11 =
S0m
2kBT
, L12 =
L21
T
→
=
S12
gµB
, L22 =
S0Q
2kBT 2
. (6)
Note that being independent of microscopic details of the
FIs (e.g. the energy dispersion of magnons), those ther-
momagnetic relations [Eq. (6)] between the magnonic
currents and the noise hold.
Noise and WF law.− In analogy to charge transport in
metals [56, 57], the coefficient L11 is identified with the
magnonic spin conductanceG ≡ L11 [58] and the thermal
conductance K is defined by K ≡ L22−L12L21/L11 [32–
35]. In the low-temperature limit 0 6= kBT ≪ gµBB, the
magnonic WF law for the junction holds [32]; K/G =
(L22 − L12L21/L11)/L11
→
= (kB/gµB)
2T . From the WF
law and Eq. (6) we obtain
S0Q
S0m
−
(2kBT 2
gµB
)2(S12
S0m
)2 →
=
(kBT
gµB
)2
. (7)
Thus the magnonic WF law for the ferromagnetic insu-
lating junction, characterizing the universal thermomag-
netic properties of the magnonic spin and heat currents,
is explained by the noise language. Eq. (7) is seen to de-
scribe the universal relations between the thermal noise
S0m(Q) and the nonequilibrium spin noise S12, and we
refer to Eq. (7) as the WF law for the magnonic ther-
mal noise. From Eqs. (7) and (5) we obtain L12 =
L21/T
→
= (S0m/2kBT
2)
√
S0Q/S
0
m − (kBT/gµB)
2, and see
that the coefficients L12 and L21 are characterized by
the thermal noise S0m(Q) (i.e. without using the nonequi-
librium term S12). Thus making use of the magnonic WF
law, all the Onsager coefficients Lij for the magnonic spin
and heat currents [Eq. (6)] are described solely in terms
of the thermal noise Lij = Lij(S
0
m,S
0
Q).
Noise and Seebeck coefficient.− Since the magnonic
Seebeck coefficient [32] reduces to L12/L11
→
= B/T in
the low-temperature limit 0 6= kBT ≪ gµBB, Eq. (6)
provides
S12
S0m
→
=
gµB
2kBT
L12
L11
→
=
gµBB
2kBT 2
, (8)
where the ratio becomes independent of any material
parameters except the g-factor being material specific.
From Eqs. (8) and (7) we obtain
S0Q
S0m
→
= B2
[
1 +
( kBT
gµBB
)2] →
= B2. (9)
Thus the ratio between each thermal noise S0Q/S
0
m ex-
hibits a universal behavior at low temperatures, i.e. it
is completely independent of any material parameters
(e.g. g-factor, spin length, and exchange interaction,
etc.) and is solely determined by the applied mag-
netic field. From Eqs. (8) and (9), each thermal noise
S0m(Q) is seen to be characterized by the nonequilibrium
spin noise S12; S
0
m
→
= (2kBT
2/gµBB)S12, S
0
Q
→
= [1 +
(kBT/gµBB)
2](2kBT
2B/gµB)S12
→
= (2kBT
2B/gµB)S12.
Thus making use of both the magnonic WF law and
the Seebeck coefficient [Eqs. (7) and (8)], all the On-
sager coefficients Lij for the magnonic spin and heat cur-
rents can be described solely by each noise [Eq. (6)];
Lij = Lij(S
0
m) = Lij(S
0
Q) = Lij(S12).
Noise and thermal conductance.− Making use of those
thermomagnetic relations for the magnonic currents (i.e.
the WF law, the Seebeck coefficient, and the Onsager
relations) [32], each coefficient Lij is rewritten solely in
terms of the thermal conductance K at low temperatures
Lij
→
= Lij(K); L11
→
= (1/T )(gµB/kB)
2K, L12 = L21/T
→
=
4(B/T 2)(gµB/kB)
2K, L22
→
= [1 + (gµBB/kBT )
2]K
→
=
(gµBB/kBT )
2K. From those we obtain
L22
L11
→
=
[
1 +
( kBT
gµBB
)2]B2
T
→
=
B2
T
∝
1
T
, (10)
and see that in contrast to the fermionic counterpart
(i.e. the WF law for charge transport in metals [31]),
the ratio does not exhibit a T -linear behavior. This
illustrates the significance of the off-diagonal contribu-
tions [69] L12L21/L11 in the thermal conductance K ≡
L22 − L12L21/L11 to the magnonic WF law K/G
→
=
(kB/gµB)
2T . Those off-diagonal elements account for the
counter-current due to the resulting magnetization differ-
ence from the applied temperature difference [70], and by
taking the contribution into account appropriately [32–
35], the linear-in-T behavior of the WF law holds in the
same way for magnons despite the fundamental difference
of the quantum-statistical properties between bosons and
fermions. Finally, from Eq. (6) and Lij(K) we obtain
S0m
→
=
S0Q
B2
[
1 +
(
kBT
gµBB
)2] →= 2(gµB)
2
kB
K,S12
→
=
(gµB)
3B
(kBT )2
K.(11)
Thus each noise is described in terms of the thermal con-
ductance K being measurable with current device and
measurement techniques.
Magnonic shot noise.− When 2F0(ω) ≪
coth(β~ω/2) | ∆n(ω) | in Eqs. (1b) and (1d), the
thermal noise S0m(Q) is seen to be negligibly small
and the nonequilibrium terms Sij become the leading
components of the noise Sm(Q) [Eq. (2)]. Thereby in
analogy to the shot noise for electron transport [1, 2], we
refer to the nonequilibrium part described by Sij as the
magnonic shot noise. In the low-temperature limit (i.e.
0 6= kBT ≪ gµBB) of the magnonic shot noise regime,
the nonequilibrium components S11 and S21 become [50]
S11
L11
→
=
S21
TL22
→
= gµB, (12)
and the ratios reduce to the value being independent of
any material parameters except the g-factor which is ma-
terial specific. Using Eqs. (12) and (5), the magnonic
WF law for the currents Lij is explained solely by the
nonequilibrium components Sij in the magnonic shot
noise regime;
S21
S11
− T 2
(S12
S11
)2 →
=
(kBT
gµB
)2
. (13)
This describes the universal relations among the nonequi-
librium spin and heat noise Sij , and we refer to Eq. (13)
as the WF law for the magnonic shot noise. From Eqs.
(12) and (6) we obtain the relations between the nonequi-
librium noise S11(21) and the thermal noise S
0
m(Q);
S11
S0m
→
=
S21
S0Q
→
=
gµB
2kBT
. (14)
Finally, from Eq. (11), each nonequilibrium noise S11(21)
is described by the thermal conductance K;
S11
→
=
(gµB)
3
k2BT
K, S21
→
= gµBT
[
1 +
(gµBB
kBT
)2]
K. (15)
Note that the WF law for the magnonic shot noise [Eq.
(13) with Eq. (14)] reproduces the one for the thermal
noise S0m(Q) [Eq. (7)].
Magnonic spin-Fano factor.− So far we have consid-
ered the magnonic currents and the noise within the
linear response regime in respect to ∆B and ∆T [Eq.
(2)]. Focusing on a larger temperature difference ∆T
(i.e. gµB | ∆B |≪ kB | ∆T |≪ kBT ), the next leading
contribution is assumed to be the response to (∆T )2, i.e.
the nonlinear response in respect to ∆T . Expanding Eqs.
(1a)-(1d) again in powers of∆T but up to O
(
(∆T )2
)
, the
Onsager matrix Eq. (2) is extended into


Im
Sm
IQ
SQ

 =


0 L11 L12 L13
S0m S11 S12 S13
0 L21 L22 L23
S0Q S21 S22 S23




1
−∆B
∆T
(∆T )2

 , (16)
where [50] L13 = −(βgµB/T
2)
∫
(dω/2pi)GF1 +
(β2gµB/2T
2)
∫
(dω/2pi)GF2coth(β~ω/2), and
S13 = −[β(gµB)
2/T 2]
∫
(dω/2pi)GF1coth(β~ω/2) +
[(βgµB)
2/2T 2]
∫
(dω/2pi)GF2coth
2(β~ω/2). In analogy
to the Fano factor of the noise (i.e. noise-to-current ratio)
for electron transport [7], we identify the ratio of the spin
noise to the spin current with the magnonic spin-Fano
factor, and refer to Fs(∆T ) ≡ Sm(∆B = 0)/Im(∆B = 0)
as the thermally-induced magnonic spin-Fano factor. In
the magnonic shot noise regime, the thermal noise S0m is
negligibly small and it becomes
Fs(∆T ) =
S12∆T + S13(∆T )
2
L12∆T + L13(∆T )2
≡ gµB |eff , (17)
where the effective g-factor and the Bohr magneton
are introduced and defined as the product gµB |eff be-
ing gµB |eff 6= gµB in general. However, in the low-
temperature limit 0 6= kBT ≪ gµBB, the ratio of
the nonlinear response S13/L13 reduces to the same
value gµB with the one in the linear response regime;
S13/L13
→
= S12/L12
→
= gµB. Thus in the low-temperature
limit of the magnonic shot noise regime, ∆T/T ≫
2kBT/gµBB (e.g. T = 10mK, ∆T = 1mK, B = 0.5T),
the magnonic spin-Fano factor exhibits the universal be-
havior even beyond the linear response regime, Fs(∆T ) =
gµB |eff
→
= gµB, being independent of any material param-
eters except the g-factor which is material specific. Note
that from Eqs. (1a) and (1b) we obtain Sm/Im
→
= gµB
in the regime and see that the universal behavior of the
magnonic spin-Fano factor holds in any orders of ∆T .
Toward measurement.− Spin currents and magnetic
fluctuations can be measured by using the ISHE [21–
23, 36, 37] and the muon spin rotation and relaxation
5(µSR) [59, 60], respectively. Ref. [16] reported measure-
ments of a spin current noise as the ISHE-induced voltage
noise. Making use of those measurement techniques and
Nitrogen-vacancy (NV) center [61, 62], etc., while being
challenging, it will be interesting to test our theoretical
predictions experimentally.
Conclusion.− We have established the Onsager re-
lations between the magnonic currents and the zero-
frequency noise, and have studied the mutual relations
among magnetic momentum, heat, and fluctuations of
propagating magnons in the ferromagnetic insulating
junction. Using the Onsager relations, we have derived
the Wiedemann-Franz law for the magnonic thermal
noise and the one for the magnonic shot noise, and have
discovered the universal behavior of the noise, i.e., being
independent of material parameters except the g-factor.
Moreover, we showed that the magnonic spin-Fano fac-
tor reduces to the universal value in the low-temperature
limit and it remains valid even beyond the linear response
regime. We hope our work serves as a bridge between
magnon-based spintronics and mesoscopic physics, and
provides a new direction in the field of magnonics.
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Supplemental Material for “Magnonic Noise
and Wiedemann-Franz Law”
In this supplemental material, we provide some details
on the Onsager coefficients for the magnonic current and
the noise.
Magnonic current and noise
Using the Schwinger-Keldysh formalism (i.e., the
nonequilibrium Green’s function method) [44–49] and
treating the tunneling Hamiltonian Hex perturbatively,
the magnonic spin (heat) current Im(Q) and the
noise Sm(Q) can be evaluated up to O(J
2
ex); Im =
(JexS)
2
∑
k,k′
x
∫
(dω/2pi)gµB(G
<
LG
>
R − G
>
LG
<
R), Sm =
−(JexS)
2
∑
k,k′
x
∫
(dω/2pi)(gµB)
2(G<LG
>
R+G
>
LG
<
R), IQ =
(JexS)
2
∑
k,k′
x
∫
(dω/2pi)~ω(G<LG
>
R − G
>
LG
<
R), SQ =
−(JexS)
2
∑
k,k′
x
∫
(dω/2pi)(~ω)2(G<LG
>
R +G
>
LG
<
R), where
G
<(>)
L ≡ G
<(>)
L,k,ω and G
<(>)
R ≡ G
<(>)
R,k′,ω are the bosonic
lesser (greater) Green’s functions of magnons for the
left and right FIs, respectively. Those bosonic Green’s
functions are rewritten as G< = 2in(ω)ImGr and
G> = 2i[1 + n(ω)]ImGr, where Gr denotes the re-
tarded Green’s function and n(ω) = (eβ~ω − 1)−1 is
the Bose-distribution function. Introducing ∆n(ω) ≡
nR(ω)−nL(ω), those Green’s functions become G
<
LG
>
R−
G>LG
<
R = 4ImG
r
LImG
r
R · ∆n(ω) and G
<
LG
>
R + G
>
LG
<
R =
−4ImGrLImG
r
R[2F0(ω) + coth(β~ω/2) ·∆n(ω)]. Thus we
obtain Eqs. (1a)-(1d) in the main text.
Onsager matrix element
In the presence of an applied strong magnetic field
BL(R), assuming the Zeeman term gµBBL(R) and ex-
panding ∆n(ω) within the linear response regime in re-
spect to ∆B and ∆T , i.e. ∆n(ω) = −βgµBF0(ω)∆B +
(β/T )F1(ω)∆T , from Eqs. (1a)-(1d) we obtain the On-
sager coefficients Eqs. (3a)-(3e) in the main text.
While being temperature-independent, ImGrLImG
r
R is
a function of BL(R). Thereby expanding ImG
r
LImG
r
R in
powers of ∆B, from Eqs. (1b) and (1d) we obtain the
Onsager coefficients S11 and S21 [Eq. (2)];
S11 = β(gµB)
3
∫
dω
2pi
GF0coth(β~ω/2)
− 2(gµB)
2
∫
dω
2pi
G′RF0, (18a)
S21 = βgµB
∫
dω
2pi
GF2coth(β~ω/2)
− 2
∫
dω
2pi
G′RF2, (18b)
where G′R = G
′
R(B) ≡
4(JexS)
2
∑
k,k′
x
ImGrL,k,ω(∂/∂B)ImG
r
R,k′,ω |BR=B.
Note that due to the G′R-term, which arise from
the F0-term in Eqs. (1b) and (1d), the ratios
S11/L11 and S21/TL22 do not reduce to the value
gµB even in the low-temperature limit. How-
ever, in the magnonic shot noise regime 2F0(ω) ≪
coth(β~ω/2) | ∆n(ω) |, the G′R-term vanishes and
those become S11 = β(gµB)
3
∫
(dω/2pi)GF0coth(β~ω/2),
S21 = βgµB
∫
(dω/2pi)GF2coth(β~ω/2), and finally, each
coefficient reduces to S11/L11
→
= S21/TL22
→
= gµB at
low temperatures 0 6= kBT ≪ gµBB. Thereby even
if ImGrLImG
r
R is temperature-dependent as a function
of TL(R) (e.g. temperature-dependent lifetime), those
results in the main text qualitatively remain valid in
the magnonic shot noise regime; the Onsager coefficients
within the linear response region, Lij and Sij with
S0m(Q), remain unchanged in the magnonic shot noise
regime. We remark that in the low-temperature limit
of the magnonic shot noise regime, from Eqs. (1a) and
(1b) we obtain Sm/Im
→
= gµB in any orders of ∆T and
∆B.
Focusing on a larger temperature difference ∆T (i.e.
gµB | ∆B |≪ kB | ∆T |) and thereby expand-
ing ∆n(ω) again but up to O
(
(∆T )2
)
, ∆n(ω) =
−βgµBF0(ω)∆B + (β/T )F1(ω)∆T + [−(β/T
2)F1(ω) +
(β2/2T 2)F2(ω)coth(β~ω/2)](∆T )
2, from Eqs. (1a)-(1d)
we obtain the Onsager coefficients for the nonlinear re-
6sponses in respect to ∆T [Eq. (16)];
L13 = −
βgµB
T 2
∫
dω
2pi
GF1
+
β2gµB
2T 2
∫
dω
2pi
GF2coth(β~ω/2), (19a)
S13 = −
β(gµB)
2
T 2
∫
dω
2pi
GF1coth(β~ω/2)
+
(βgµB)
2
2T 2
∫
dω
2pi
GF2coth
2(β~ω/2), (19b)
L23 = −
β
T 2
∫
dω
2pi
GF2
+
β2
2T 2
∫
dω
2pi
GF3coth(β~ω/2), (19c)
S23 = −
β
T 2
∫
dω
2pi
GF3coth(β~ω/2)
+
β2
2T 2
∫
dω
2pi
GF4coth
2(β~ω/2). (19d)
In the low-temperature limit 0 6= kBT ≪ gµBB, the
coefficients for the nonlinear responses, except S23, are
described by those for the linear responses;
L13
→
=
β2gµB
4T 2
S0Q =
β2gµB
2
kBL22, (20a)
S13
→
=
(βgµB)
2
4T 2
S0Q =
(βgµB)
2
2
kBL22, (20b)
L23 = −
1
T
L22 +
1
2kBT 2
S22
→
=
1
2kBT 2
S22. (20c)
The coefficients L13 and S13 are seen to be characterized
by the thermal noise S0Q, and those can be rewritten in
terms of the thermal conductance K by Eq. (11).
Lastly, we remark that in the main text we have con-
sidered the exchange interaction Jex which conserves the
magnetic momentum, and have calculated the tunneling
current and the noise as a function of Jex [Eqs. (1a)-(1d)];
Im(Q) = Im(Q)(Jex) ∝ J
2
ex, Sm(Q) = Sm(Q)(Jex) ∝ J
2
ex.
Replacing the parameter Jex by J
±
ex ≡
√
J2ex ± J
′2
ex, we
obtain the current Im(Q)(J
−
ex) and the noise Sm(Q)(J
+
ex)
in the presence of an exchange interaction J ′ex which
does not conserve the magnetic momentum during the
tunneling process, see Ref. [19] for details. The Onsager
coefficients [Eqs. (3a)-(3e)] become Lij = Lij(J
−
ex) while
Sij = Sij(J
+
ex) and S
0
m(Q) = S
0
m(Q)(J
+
ex), accordingly.
Thus it can be seen that while the ratio of Lij to Sij
or S0m(Q) in the main text is modified, the others [i.e.,
Lij/Li′j′ (i
′, j′ = 1, 2), Sij/Si′j′ , and Sij/S
0
m(Q)] remain
unchanged even in the presence of the exchange in-
teraction J ′ex; Lij(J
−
ex)/Sij(J
+
ex) 6= Lij(Jex)/Sij(Jex)
and Lij(J
−
ex)/S
0
m(Q)(J
+
ex) 6= Lij(Jex)/S
0
m(Q)(Jex)
while Lij(J
−
ex)/Li′j′(J
−
ex) = Lij(Jex)/Li′j′(Jex),
Sij(J
+
ex)/Si′j′(J
+
ex) = Sij(Jex)/Si′j′(Jex), and
Sij(J
+
ex)/S
0
m(Q)(J
+
ex) = Sij(Jex)/S
0
m(Q)(Jex).
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